We study numerically the transport and localization properties of waves in ordered and disordered ladder-shaped lattices with local PT symmetry. Using a transfer matrix method, we calculate the transmittance and the reflectance for the individual channels and the Lyapunov exponent for the whole system. In the absence of disorder, we find that when the gain/loss parameter ρ is smaller than the interchain coupling parameter tv, the transmittance and the reflectance are periodic functions of the system size, whereas when ρ is larger than tv, the transmittance is found to be an exponentiallydecaying function while the reflectance attains a saturation value in the thermodynamic limit. For a fixed system size, there appear perfect transmission resonances in each individual channel at several values of the gain/loss strength smaller than tv. A singular behavior of the transmittance is also found to appear at various values of ρ for a given system size. When disorder is inserted into the on-site potentials, these behaviors are changed substantially due to the interplay between disorder and the gain/loss effect. When ρ is smaller than tv, we find that the presence of locally PT -symmetric potentials suppresses Anderson localization, as compared to the localization in the corresponding Hermitian system. When ρ is larger than tv, we find that localization becomes more pronounced at higher gain/loss strengths. We also find that the phenomenon of anomalous localization occurs in disordered locally PT -symmetric systems precisely at the spectral positions E = 0 and E = ± t 2 v − ρ 2 . The anomaly at the band center manifests as a sharp peak contrary to the conventional cases, whereas the anomalies at E = ± t 2 v − ρ 2 manifest as sharp dips.
I. INTRODUCTION
Anderson localization, which is one of the most fundamental physical phenomena in many areas of physics, occurs due to the interference of wave components multiply scattered by randomly placed scattering centers [1] [2] [3] . It has been observed experimentally in many different kinds of waves including microwaves [4, 5] , optical waves [6, 7] and matter waves [8, 9] . Anderson localization has been studied mainly in conservative, Hermitian systems, as it is commonly assumed that disorder-induced localization is caused by multiple scattering from the real part of the potential. In recent years, however, considerable attention has been paid to localization phenomena occurring in non-Hermitian systems [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . An example of this kind of systems is the Hatano-Nelson model, where the presence of a constant imaginary vector potential in the Anderson Hamiltonian gives rise to the transition from a real to a complex spectrum, which is associated with the existence of a mobility edge [10] .
In recent years, there has been significant attention devoted to physical systems which do not obey parity (P) and time-reversal (T ) symmetries separately but exhibit a combined parity-time (PT ) symmetry. A seminal idea for such a system was first proposed by Bender and coworkers, who demonstrated that a class of non-Hermitian Hamiltonians could possess entirely real eigenvalue spec- * Electronic address: nguyenbaphi@muce.edu.vn † Electronic address: khkim@ajou.ac.kr tra [20, 21] . In this context, PT symmetry requires that the imaginary part of the complex potential V in the Hamiltonian is an antisymmetric function of the position r, whereas its real part is a symmetric one, therefore V (r) = V * (−r). The eigenvalue spectrum remains real and PT symmetry is unbroken, if the magnitude of the imaginary part of the potential does not exceed a threshold value. Above the threshold, the eigenvalue spectrum becomes complex and PT symmetry is said to be broken. For such systems, many intriguing phenomena have been predicted and observed in various fields of physics including solid state physics, atomic physics, optics and metamaterials [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
The interplay between Anderson localization and PT symmetry is expected to open up an exciting new area of research. Even though many researches have been done on disordered PT -symmetric systems, the majority of those have focused on the study of the spectral properties of the corresponding PT -symmetric Hamiltonians, with less attention to their transport properties. In a recent paper, through an investigation of the transport properties of waves in one-dimensional (1D) randomly layered media with PT symmetry, the authors have found that the inverse localization length for such a system is the sum of the inverse localization length of a passive disordered medium and the inverse absorption/amplification length of an ordered PT -symmetric medium [13] . In another paper, it has been pointed out that the periodic transverse modulation of losses affects the expansion rate of localized excitations considerably [15] . More recently, it has been found that for a disordered 1D binary optical lattice, the presence of gain and loss tends to favor the transport of extended excitations, while it inhibits that of localized excitations [18] . By studying the propagation of light along the axis of an off-diagonal disordered optical waveguide array created by a simultaneous transverse modulation of the refractive index and the gain/loss parameter, Kartashov et al. have found that disorderinduced localization is suppressed when the system has unbroken PT symmetry [19] . Beyond the symmetrybreaking threshold, the localization is restored and becomes stronger again deeply inside the regime of broken symmetry. In addition, in a uniformly disordered 2D complex lattice, the study of transverse localization of light has resulted in the conclusion that Anderson localization is enhanced in a PT -symmetric potential [14] .
In the presence of disorder, it has been shown that the PT -symmetry-breaking threshold decreases as L −2 in 1D disordered PT -symmetric lattices, where L is the system size [27] . In other words, the parameter region corresponding to an entirely real spectrum shrinks to zero in the thermodynamic limit, L → ∞. On the other hand, Bendix et al. have proposed a novel class of disordered PT Hamiltonians, the spectra of which are entirely real in a broad range of parameters [33] . This kind of systems does not obey global PT symmetry as usual, but possesses a symmetry termed local PT symmetry. In the absence of disorder, such locally PT -symmetric structures have also been investigated in some recent papers [34] [35] [36] . However, the effect of disorder on the transport properties of such structures is not fully understood. This provides us with the motivation to study research problems such as understanding how the transport properties are changed when the PT -symmetry-breaking threshold is crossed in the presence of disorder.
In this paper, we present a numerical study of the transport and localization properties of waves in ordered and disordered locally PT -symmetric systems. We employ the transfer matrix method developed by Heinrichs to calculate the transmittance, the reflectance and the Lyapunov exponent [37] . In the absence of disorder, we find that when the gain/loss parameter ρ is smaller than the interchain coupling parameter t v , the transmittance and the reflectance are periodic functions of the system size. They have different dependencies on even and odd values of the system size. For a fixed system size, there appear transmission resonances in each individual channel at several values of the gain/loss strength. When ρ is larger than t v , we find that both the transmittance and the reflectance initially increase up to maximum values via oscillations and after that, the transmittance decays exponentially while the reflectance attains a saturation value as the system size increases to infinity. In addition, a singular behavior of the transmittance is found to appear at various values of ρ for a given system size. As disorder is introduced in the on-site potential, these behaviors are changed substantially due to the interplay between disorder and the gain/loss effect. Specifically, when ρ is smaller than t v , we find that the presence of locally PT -symmetric potentials suppresses Anderson lo- To study transport properties through the system, semi-infinite perfect leads are connected at both ends. t h and tv are the intrachain and interchain coupling parameters respectively and ǫn and ǫ * n are the on-site potentials.
calization, as compared to the localization in the corresponding Hermitian system. When ρ is larger than t v , we find that localization becomes more pronounced at higher gain/loss strengths. This is quite consistent with the result presented in a recent paper [19] . Finally, the phenomenon of anomalous localization is found to occur in the system under consideration at the special spectral positions with energy E = 0 and E = ± t 2 v − ρ 2 . Remarkably, the anomaly at the band center manifests as a sharp peak contrary to the conventional cases, whereas the anomalies at E = ± t 2 v − ρ 2 manifest as sharp dips. The rest of this paper is organized as follows. In the next section, we introduce the theoretical model and describe the method of numerical calculation and the physical quantities of interest. In Sec. III, we present our numerical results and discussions. Finally, we conclude the paper in Sec. IV.
II. THEORETICAL MODEL AND METHOD

A. Model
Let us consider a ladder-structured lattice model consisting of two parallel chains of N sites each, as shown in Fig. 1 . If we consider only nearest-neighbor interactions, our model is governed by two coupled discrete Schrödinger equations, which take the form
where ψ nj and ǫ nj are the wave function amplitude and the on-site potential at site n of chain j (j = 1, 2). t h (> 0) is the intrachain coupling parameter between the nearest-neighbor sites along the individual chains, while t v (> 0) is the interchain coupling parameter connecting the nth sites of chains 1 and 2. This model is very similar to the one studied in Ref. 33 , the only difference being that semi-infinite perfect leads are connected at both ends in the present model. We refer to it as unbounded model. In order to study the combined effects of the simultaneous presence of disorder and PT symmetry on wave propagation in the system under consideration, we set ǫ n1 = ǫ n and ǫ n2 = ǫ * n with ǫ n = β n + iρ n , where β n is taken from a uniform random distribution in the range [−β/2, β/2] and ρ n (= ρ) is a constant. For such a choice of the on-site potentials, the system possesses a local PT symmetry associated with each individual dimer enclosing one site n of each chain [33] . Despite the lack of global PT symmetry, it has a parameter region corresponding to an exact PT phase in which the eigenvalues are real. To calculate the transfer and scattering matrices which are the basic elements of the transfer matrix method we have employed, it is convenient to cast Eq. (1) in the matrix form
In the perfect lead regions with zero on-site potentials, it is straightforward to diagonalize Eq. (2) by introducing two new channel wave functions φ n1 and φ n2 defined by
and obtain the dispersion relations
where k 1 and k 2 are the wave numbers associated with the channels 1 and 2 respectively. Let us assume that 0 < t v /t h < 2. Then both channels are propagating when −2 + t v /t h < E/t h < 2 − t v /t h , while one channel is propagating and the other is evanescent when
It is important to notice that there is a fundamental difference between the eigenvalue problem for the bounded model studied in Ref. 33 and the scattering problem for the unbounded model studied in this paper. In the former, the authors fixed the gain/loss parameter ρ and the boundary conditions and obtained the corresponding energy eigenvalues, which are in general complex-valued. In contrast, E in the scattering problem is the energy of the incident wave and is a real-valued free parameter.
B. Method
In this paper, we will study the transmission and reflection properties of both ordered and disordered locally PT -symmetric systems. In particular, we are interested in calculating the 2 × 2 matrix transmittance T ij and reflectance R ij , where the index i refers to the reflected and transmitted channels and j refers to the incident channel, and the Lyapunov exponent γ. The latter quantity is equal to the inverse of the localization length ξ and is defined by
where L is the system size measured in the unit of the lattice spacing and is equal to N and g is the dimensionless conductance. This quantity is used to distinguish between localized and extended states. The angular bracket · · · stands for averaging over a large number of distinct disorder configurations.
In the context of electron transport in mesoscopic systems, the conductance G and the dimensionless conductance g in the zero-temperature limit are related to the transmission probability via the Landauer two-probe formula:
where e is the electron charge and h is Planck's constant [38] . The reflection matrixr and the transmission matrix t are written aŝ r = r 11 r 12 r 21 r 22 ,t = t 11 t 12
where r ij and t ij (i, j = 1, 2) denote the reflected and transmitted wave amplitudes in the ith channel when there is a unit flux incident in the jth channel. These quantities are given bŷ
where δ = X 22 X 44 − X 24 X 42 . X ij (i, j = 1, 2, 3, 4) denotes the elements of the transfer matrix for the whole system of length N . Details of the method of calculatinĝ r andt can be found in Ref. 37 The transmittance and the reflectance are determined by T ij = |t ij | 2 and R ij = |r ij | 2 respectively. Since our model is non-Hermitian, the conservation of probability current is generally not satisfied. For instance, for a unit flux incident in the second channel, one has
III. RESULTS
In our calculations, all the energies are measured in the unit of t h , which we set equal to 1. We will restrict our attention to the situation where both of the two channels are propagating, therefore −2+t v /t h < E/t h < 2−t v /t h . In that case, the transport and localization properties are qualitatively similar for both channels. In fact, they are identical in the symmetric case where E = 0. In the majority of the calculations to be presented in this paper, we will set E = 0 and concentrate on the second channel. , where ρ is smaller than tv, the transmittance depends periodically on N . In (d), (e) and (f), where ρ is larger than tv, the transmittance decays exponentially as N becomes sufficiently large. In the inset of (f), the exponential decay rate of the transmittance, 1/ξρ, is plotted versus ρ when ρ > tv.
A. Ordered case
We first consider the situation where no disorder in the on-site potential is present (β = 0). In this case, the only requirement ensuring unbroken PT symmetry in the corresponding bounded model with no semi-infinite perfect leads is that the gain/loss strength ρ must be smaller than or equal to the interchain coupling strength t v , namely ρ ≤ ρ c = t v [33, 35] . This means that the PTsymmetry-breaking threshold does not depend on the intrachain coupling parameter t h . We fix the energy of the incident wave at E = 0 at the band center for all the results obtained in this subsection. The specific results may be quantitatively different for different values of E, but the qualitative behaviors of the system are similar.
In Figs. 2 and 3 , we plot the logarithmic transmittance ln T 22 and the logarithmic reflectance ln R 22 versus system size N for various values of the gain/loss parameter ρ, when t v is fixed to 0.5. We find that two distinct behaviors occur depending on the relative size of ρ with respect to the critical value, ρ c = 0.5. When ρ is smaller than ρ c , the transmittance and the reflectance are periodic functions of N . This period increases rapidly as ρ increases and approaches infinity as ρ goes to ρ c . In this regime, apart from the set of resonances with , where ρ is smaller than tv (= 0.5), the reflectance depends periodically on N . In (d), (e) and (f), where ρ is larger than tv, the reflectance approaches a constant value as N becomes sufficiently large. In the inset of (f), the saturation value of the logarithmic reflectance, ln R very small values close to zero. We note that a similar behavior has been found in a purely 1D PT -symmetric tight-binding lattice model [17] . We also observe that both the transmittance and the reflectance behave differently for even and odd values of N , their values for odd N being substantially larger than those for neighboring even values of N . This is a characteristic feature appears at different values of ρ. In the inset, the system size at which the transmittance shows a maximum, Nmax, is plotted versus ρ.
of coherently amplifying/absorbing media and is not associated with the presence of local PT symmetry [39, 40] .
When ρ is greater than ρ c , both the transmittance and the reflectance show completely different behaviors. In particular, it is found that there exists a certain value of the system size, N max , below which the transmittance and the reflectance grow and above which they decay with increasing N via oscillations which arise due to their different dependencies on even and odd values of N . Well above N max , the amplitudes of the oscillations decay away. The transmittance decreases exponentially and the reflectance approaches a constant value as N increases to large values. The rate of the exponential decay of T 22 , which is defined by
increases as ρ increases as shown in the inset of Fig. 2(f) , while the saturation value of R 22 decreases monotonically as in Fig. 3(f) . The transition from a periodic behavior to either an exponential decay (T 22 ) or a saturation behavior (R 22 ) in the thermodynamic limit, when ρ is increased across the critical value, is equivalent to a manifestation of the broken PT symmetry in the corresponding bounded model. In Fig. 4 , we show the result obtained when ρ is fixed and t v is varied. When ρ is smaller than t v , the dependence of the transmittance and the reflectance on N is found to be always periodic. We also observe that when ρ is very close to but smaller than t v , both T 22 and R 22 display sharp peaks at certain periodic values of N , as shown in Figs. 4(a) and 4(c) and also in Figs. 2(c) and 3(c) .
In the region where ρ > ρ c , the transmittance and the reflectance take their maximum values at a certain system size N max , the value of which depends on ρ. In as a function of ρ. We find that there appear many sharp peaks indicating the presence of singularities at different values of ρ. This kind of singular behavior has been observed in 1D amplifying media without disorder [40] . In the presence of disorder or nonlinearity in the system, these singularities are known to be destroyed [41, 42] . The dependence of N max on ρ is shown in the inset of Fig. 5 .
In the case where a wave is incident in the second channel, the transmittance and the reflectance in the first channel, ln T 12 and ln R 12 , and those in the second channel, ln T 22 and ln R 22 , are plotted versus N in Fig. 6 . It is seen clearly that at the system sizes for which T 22 = 1, which are N = 45 and 90 in this figure, all of T 12 , R 12 and R 22 take very small values. Therefore, the sum, T 12 + T 22 + R 12 + R 22 , is unity at these values of N . This implies that with a proper choice of N and ρ, our active system with local PT symmetry can act as a passive one exhibiting perfect transmission resonances in the individual channels. This interesting phenomenon is demonstrated in more detail in Fig. 7 , where ln T 22 , ln R 22 , ln T 12 and ln R 12 are plotted versus ρ, when t v = 0.5 and N = 22, 23, 45. In the case of N = 22, there is only one transmission resonance occurring at ρ = 0.411. When N is equal to 23, the transmission resonance occurs at ρ = 0.419. In this case, we also observe a very large peak at ρ = 0.484, where all of T 22 , R 22 , T 12 and R 12 take very large values. The number of transmission resonances increases with increasing N . This is illustrated in Fig. 7(c) that the resonance at ρ = 0.48 has already been mentioned in Fig. 2 . In the region where ρ > ρ c , T 22 and T 12 decrease rapidly as ρ increases, while R 22 and R 12 approach constant values larger than 1.
B. Disordered case
Next, we study the combined effects of the simultaneous presence of disorder and local PT symmetry on wave propagation. In this subsection, all disorder-averaged quantities are obtained by averaging over 30, 000 distinct disorder configurations. In Fig. 8 , we plot the disorderaveraged logarithmic transmittance ln T 22 as a function of the system size N , when the interchain coupling parameter t v is 0.5, for various values of the gain/loss strength ρ in the presence of disorder with β = 0.5. When ρ is zero, we reproduce the result presented in Ref. 43 , which shows that the disorder-averaged logarithmic transmittance in each channel decays linearly with the system size. When ρ is non-zero but small, we find that the presence of a locally PT -symmetric potential suppresses the localization effect of disorder, giving rise to a slower decay of the logarithmic transmittance than for the case of ρ = 0, as shown in Fig. 8(a) . In this parameter region, a periodic behavior reminiscent of the periodic oscillation in the clean system with ρ < ρ c can still be observed when N is small, as seen in the inset of Fig. 8(a) . The oscillatory behavior becomes more pronounced as ρ increases toward ρ c = 0.5, having a larger amplitude and persisting up to larger values of N . The oscillation amplitude decays gradually as N increases to infinity. The simultaneous occurrence of a periodic oscillation and a decaying behavior is a consequence of the TABLE I: Decay rates extracted numerically from the logarithmic transmittances corresponding to passive disordered (1/ξ β ), ordered locally PT -symmetric (1/ξρ) and disordered locally PT -symmetric (1/ξ β+ρ ) cases. competition between disorder and PT symmetry in this regime.
We next consider the case where ρ is larger than the critical value ρ c = t v = 0.5. Similarly to the ordered case, ln T 22 takes a maximum value at a certain value of N , around which there appears a rapid oscillatory behavior due to different dependencies on even and odd values of N , as illustrated in the inset of Fig. 8(b) . Contrary to the case where ρ is small, the decay rate is an increasing function of ρ in this regime, as shown in Fig. 8(b) . This arises from the fact that in this regime, the decay of the transmission is achieved not only due to disorder, but also due to gain and loss. By a linear fit of the data showing linear decay of the logarithmic transmittance, we can extract the decay rate of transmittance corresponding to passive disordered (1/ξ β ), ordered locally PT -symmetric (1/ξ ρ ) and disordered locally PTsymmetric (1/ξ β+ρ ) cases, where ξ β and ξ β+ρ are defined in a similar manner as in Eq. (9), except that ln T 22 is replaced by ln T 22 . Through a numerical analysis for different combinations of the parameters β and ρ, we find that the approximation,
is satisfied in the regime of weak disorder, as can be confirmed in Table I . In a purely 1D case, this relationship has been proposed in Ref. 13 , where light transport in randomly layered optical media with global PT symmetry has been considered. In Fig. 9 , we plot ln T 22 versus N when ρ = 0.2 for different values of the disorder strength β and of the interchain coupling parameter t v . Similarly to the case of a real-valued potential, Anderson localization is enhanced when the strength of disorder increases as shown in Fig. 9(a) . A similar behavior is also obtained when one fixes β and varies t v as in Fig. 9(b) . This is due to the fact that the role of t v is effectively equivalent to that of β in the localization properties of ladder-structured lattices [43] . We also find that the amplitude of the periodic oscillation of the logarithmic transmittance in the small-N region decreases as either β or t v increases. This again shows the competition between disorder and the gain/loss effect in this regime. So far, all numerical results presented were obtained only for each individual channel and the energy of the incident wave was fixed to the band center value. The rest of the paper is devoted to the study of the localization properties in the entire system and over the whole energy spectrum. In Fig. 10 , we plot the Lyapunov exponent γ, which is calculated using Eq. (5), as a function of the energy E, when N = 2000, β = 0.5, t v = 0.5 and ρ = 0, 0.1, 0.2. In this regime where ρ < t v , we find that the Lyapunov exponent decreases, and thus the localization length increases with increasing ρ over the whole energy spectrum. When ρ is zero, there are three values of energy for which the Lyapunov exponent spectrum exhibits a sharp peak or dip. This takes place precisely at the spectral positions E = 0 and E = ±t v as indicated by the arrows in Fig. 10 . This is the phenomenon of anomalous localization, well-known in the study of passive disordered systems [43] [44] [45] [46] [47] . We find that the anomaly at the band center manifests as a sharp peak, whereas the anomalies at E = ±t v manifest as sharp dips. In other words, Anderson localization is anomalously enhanced at the band center and anomalously suppressed at E = ±t v . This is in contrast to the result of a recent study that all anomalies including the band center anomaly manifest as sharp dips [43] . In the ladder-shaped lattice model considered in Ref. 43 , the on-site random potentials ǫ n1 and ǫ n2 on chains 1 and 2 were statistically uncorrelated, while they are correlated in the present study. It has been reported that the band center anomaly depends strongly on the nature of disorder such as its correlation properties [48] [49] [50] . It is only associated with the disorder in the chains, therefore it remains unchanged as ρ increases from zero. In contrast, the positions of the side anomalies are shifted toward the band center when ρ increases. By a numerical test for various pairs of the parameters t v and ρ, we have confirmed that these anomalies are dependent on the interchain coupling and the gain/loss strength and always occur at E = ± t 2 v − ρ 2 . The existence of this kind of anomalies is easily understood in terms of the π-coupling of the energy bands in the absence of disorder [43, 51] .
Finally, in Fig. 11(a) , we plot the Lyapunov exponent as a function of the energy E when N = 2000, ρ = 0.2 and t v = 0.5, for several values of the disorder strength, β = 0.4, 0.5, 0.6. Obviously, Anderson localization is enhanced with increasing β over the whole energy spectrum. The spectral positions at which the side anomalies occur do not change as the disorder strength varies. This again confirms that these anomalies are only associated with the interchain coupling and the gain/loss parameter. In Fig. 11(b) , we plot γ versus E when ρ = 0.2, t v = 0.5 and β = 0.5 for different system sizes N = 1500, 2000, 2500. We find that all curves show a similar behavior. At any fixed value of E, the Lyapunov exponent increases with increasing N . The growth of γ slows down for a larger N , and above a sufficiently large value of N , γ approaches a saturation value. This result indicates that the system size N = 2000 is sufficiently large for the purpose of studying the localization properties in the system under consideration.
IV. CONCLUSION
In this paper, we have presented a numerical study of the transport and localization properties of waves in ordered and disordered locally PT -symmetric systems. We have employed the transfer matrix method developed in Ref. 37 to calculate the transmittance, the reflectance and the Lyapunov exponent. In the ordered case, we have found that when the gain/loss parameter ρ is smaller than the interchain coupling parameter t v , the transmittance and the reflectance are periodic functions of the system size. They have different dependencies on even and odd values of the system size. For a fixed system size, there appear transmission resonances in each individual channel at several values of the gain/loss strength. When ρ is larger than t v , we find that both the transmittance and the reflectance initially increase up to maximum values via oscillations and after that, the transmittance decays exponentially while the reflectance attains a saturation value as the system size increases. In addition, a singular behavior of the transmittance has also been shown. Next, as the disorder is introduced in the on-site potentials, these behaviors are changed substantially due to the interplay between disorder and the gain/loss effect. Specifically, when ρ is smaller than t v , we have found that the presence of locally PT -symmetric potentials suppresses Anderson localization, as compared to the localization in the corresponding Hermitian system. In the case of ρ > t v , it has been found that the localization becomes more pronounced at higher gain/loss strengths. Finally, the phenomenon of anomalous localization, which is well-known in passive disordered systems, has also been found to occur in locally PT -symmetric systems. These anomalies occur precisely at the special spectral positions E = 0 and E = ± t 2 v − ρ 2 . The anomaly at the band center manifests as a sharp peak contrary to the conventional cases, whereas the anomalies at E = ± t 2 v − ρ 2 manifest as sharp dips. We hope that the results presented here will be a useful contribution to the study of the combined effects of the simultaneous presence of disorder and PT symmetry on wave propagation in quasi-1D systems.
